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1. INTRODUCTION 
?or the  p a r t  t e n  year., a group of reaoarchera--nuthe~tician# a n d  theoretical engineer., 
c e n t e r e d  a t ,  and p a r t i a l l y  aupported by, the ? l i g h t  Cont ro l  group a t  NASA-AntS--have a t tempted  
to puah beyond what waa done i n  the 1960'8 f o r  l i n e a r  control theory,  and deve lop  e f f e c t i v e  
w t h d a  for c o n t r o l l i n g  ayatema whoae dynamical equation. are fundanunta l ly  nonLinoar. Our 
a p p l i e d  focua ha8 been the p r a c t i c a l  p r o b l e m  encountered i n  deaigning a i r c r a f t  and he l icop-  
ter#, but  our  awt)~odology--baaed a8 it i a  on fundamental 'mathematical pr inc ip le#- - ia  rdapt- 
able t o  robotic myateme. 
and AI community w i l l  h e l p  ua use compuier technology i n  a more e f f e c t i v e  way to  handle type. 
of c o n t r o l  p r o b l e m - - p a r t i c u l a r l y  of a d i 8 c r e t e  event"  nature--that have been d i f f i c u l t  to 
inc lude  i n  a d i f f e r e n t i a l - e q u a t i o n s  based methodology. 
Taking a h i s t o r i c a l  view of progress  i n  eng inee r ing  and eng inee r ing - re l a t ed  mathamatica, 
t h e  a i t u a t i o n  become8 c l a r i f i e d .  The breakthrough. of the 1960 ' s  i n  c o n t r o l  t heo ry  were 
c l o s e l y  l i nked  t o  the development of computers, which could  s o l v e  d i f f e r e n t i a l  equat ions  v e r y  
e f f i c i e n t l y .  Mathematically,  assumption8 on l i n e a r i t #  worked w e l l  because o f  t h e  na ture  o f  
t h e  eng inee r ing  problems t h a t  needed to  be solved, e a p e c i a l l y  i n  t h e  Apollo Program, where 
t h e  apace c r a f t  could be t r e a t e d  a a t i s f a c t o r i l y  as p o i n t  p a r t i c l e a ,  o r  a t  worst a8 r i g i d  
bodiea. In  the  1970's w e  a t tempted  t o  adapt  t h e  mathematical  t echniques  developed i n  t h e  
1960'8 to t h e  more d i f f i c u l t  problems o f  c o n t r o l  o f  a i r c r a f t  and h e l i c o p t e r s  i n  c i rcumrtance8  
where t h e  assumptions of l i n e a r i t y  o€ t h e  dynamics cau ld  no longer  be r e a l i a t i c a l l y  j u s t i f i e d .  
Recently,  there has  been a change i n  computer technology--such a s  LISP logic-based  symbolic 
computation and g r e a t l y  inc reased  p o t e n t i a l i t i e s  f o r  pa ra l l e l i sm- - tha t  has n o t  y e t  been f u l l y  
i n t e g r a t e d  i n t o  t h e  main body of c c n t r o l  theory.  
g r e a t e r  ma tu r i ty  and subs tance ,  and I be l i eve  t h a t  there a r e  g r e a t  S c i e n t i f i c  and t echno log ica l  
p o s s i b i l i t i e s  i n  combining t h e  t a l e n t s  and i n s i g h t s  i n  the  t w o  communities. 
t heo ry  has to o f € e r  is a mature,  mathematically based overview of a c e r t a i n  class of cngineer -  
ing  p r o b l e m ,  based on concepts  of d i f f o i e n t i a l  e q u a t i o n s  and dynamics, whi le  t h e  youthful 
v igo r  of t he  computer s c i ence  d i s c i p l i n e  is gene ra t ing  a l o t  of energy, b u t  e x h i b i t i n g  t h e  
need ( i n  my op in ion ,  a t  least)  for more s c i e n t i f i c  and mathematical d i r e c t i o n .  
engineer ing  ques t ions- - to  push i n  two d i r e c t i o n s .  
tecAuriques of feedback l i nea r i za t ion - -dewloped  a s  a use fu l  c o n t r o l  a lgo r i thm by Hunt, Meyer 
and Su a t  NASA-AMES [1,2]--can be i n t e g r a t e d  i n t o  t he  mainstream of d i f f e r e n t i a l  geometry and  
extended i n  t h e  direct ion of understanding t h e  r e l a t i o n  betveen gLoba? and local feedback 
l i n e a r i z a t i o n .  Second, I have t r i e d  to f a m i l i a r i z e  myself w i th  the LISP and logic-based 
computer technology and a lgo r i thms ,  and he lp  i n  t h e  job of in t roducing  it i n t o  con t ro l  t heo ry .  
S ince  tile f i r s t  p a r t  of t h i s  program is f u r t h e r  along--a major mathematical paper  is now 
completed 131 and awaits publ ica t ion- - I  w i l l  d e s c r i b e  s o w  of t h e  ideas  it c o n t a i n s  here,  and  
leave  my i d e a s  about developing r e l p t i o n s  between computer s c i ence  and c o n t r o l  theory to  
ano tne r  occas ion .  
Conversely, w e  hope t h a t  use  o f  t h e  new idea8  under development i n  t h e  computer ac ience  
Fur the r ,  computer s c i ence  has  achieved 
What c o n t r o l  
For t h e  p a s t  two yea r s ,  I have been trying--with George Ueyer's advice and support  on  the 
F i r s t ,  t o  understand how t h e  con t ro l  
2. A VIEW OF FEEDBACK CONTROL I N  THE CONTEXT OF DIFFERENTIAL EQUATIONS' DIFFERENTIAL GEOMETRY, 
AND L I E  THEORY 
r\ feedback co l i t ro l  s y s t e m  can be taken as an underdetermined s y s t e m  of o rd ina ry  d i f f e r e n -  
t i a l  equa t iona  of the fo l lowing  genera l  form: 
dx 
f ( x .  = , u )  - 0 ( 2 . 1 )  
x E Rn; u E Rm 
f is a map: R ~ ~ + ~  + Re 
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ax* is a vector of 
mbot,...) that  are f i x e d  i n  va lue ,  such as v e l o c i t i e s ,  p o s i t i o n s ,  angu la r  o r l i n e a r  m w n t a ,  
etc. 
g-1. 
R" d e s c r i b i n g  components of t h e  system ( a i r c r a f t ,  h e l i c o p t e r ,  s p a c e c r a f t ,  
are th. c o n t r o l  v a r i a b l e s ,  which v. must choose i n  .011). way to  achieve a p r e s c r i b d  
Peedbaok o o n t r o t  can  be desc r ibed  as fo l lows .  A feedbook map ,or law is a map 
x + F(x)  - u 
o + l P  
(2 .2)  
from an open subset 0 O f  R" to t h e  control space Rm. A trojootoru of t h e  fcadb8ck 
c o n t r o l  l a w  (2.2) is a cu rve  
t * x ( t )  (2.3) 
i n  Rn that s a t i s f i e s  t h e  fo l lowing  o rd ina ry  d i f f e r e n t i a l  equation: 
I n  engineer ing  p r a c t i c e ,  we w i l l  want to choose t h e  feedback l a w  (2.2) , so that t h e  
f ami ly  of trajectories de f ined  by (2.3) and (2.4) w i l l  have c e r t a i n  s t a b i l i t y ,  robus tness ,  and 
d e s i g n  p rope r t i e s .  (For example, for t h e  latter one  might want t h e  t r a j e c t o r y  (2.3) to start  
o f f  a t  tima t - 0 
S t a b i l i a a t i o n  i 8  t h e  p rope r ty  that is b e s t  understood mathematically,  hence I w i l l  use it a8 
a touchs tone  here.  
Much of t h e  work i n  c o n t r o l  theory of t h e  1960's--which was very  s u c c e s s f u l  on bo th  t h e  
mathematical  and practical fronts--was o r i e n t e d  toward l i n e a r  c o n t r o l  syr tems,  i.e., those of 
t h e  form: 
a t  a p o i n t  xo and end up e x a c t l y  or approximately a t  a po in t  x1  a t  t - t l . )  
% - A X - B u  - 0 (2.5) 
where A and B are c o n r t a n t  matrices of . agp ropr i a t e  s i z e .  Here, it is n a t u r a l  t o  r e q u i r e  
that t h e  feedback ( 2 . 1 )  p re se rve  t h i s  l i n e a r i t y .  T h i s  can be  accomplished by spec i fy ing  t h a t  
t h e  feedback map ( 2 . 2 )  be o f  t h e  following form: 
u - Kx (2.6) 
where K is an m x n r e a l  mat r ix .  The t r a j e c t o r y  equa t ions  ( 2 . 2 )  are then  o f  t he  fo l lowing  
form: 
- ( A + B K )  (2 .7)  
One may then r e q u i r e  that t h e s e  t r a j e c t o r i e s  have a p re sc r ibed  degree  o f  s t a b i l i t y .  Because 
(2 .7 )  i s  a system of d i f f e r e n t i a l  equat ions  t h a t  can be handled wi th  well-known mathematical  
t ecnn iques ,  w e  know t h a t  t h i s  behavior can  be  s p e c i f i e d  by imposing c o n d i t i o n s  on the  e igen -  
v a l u e s  o f  t he  n x n ma t r ix  
A + BK ( 2 . 8 )  
In t u r n ,  this "pole-placement" problem can  be handled wi th  well-known mathematical  t echnique8  
( m a t r i x  Riccati equa t ions  or Kronecker p e n c i l  t heo ry )  t h a t  were a p p l i e d  i n  t h e  1960's, b u t  that  
of c o u r s e  go back many y e a r s  i n  t h e  mathematical l i t e r a t u r e .  
(2.5) v i a  l i n e a r  feedback (2.61, i .e.,  "pole-placement" i n  t h e  engineer ing  ja rgon ,  i nvo lve  
c o n t r o l l a b i l i t y  of t h e  c o n t r o l  system (2.5)and is a mathematical  concept t h a t  is--as I showed 
many y e a r s  ago [ l l - - e s s e n t i a l l y  d i f f e r e n t i a l - g e o m e t r i c  and L i e - t h o o r o t i c  i n  na ture .  Thus,  i t  
should  be no s u r p r i s e  t h a t  t h e  problem of  s t a b i l i z a t i o n  and feedback c o n t r o l  of a more general 
n o n l i n e a r  system o f  type  (2.1) a l s o  invo lves  d i f f e r e n t i a l  geometry and L ie  theory.  
I 6 1 ,  Sonnner [71,  Jakubzyk and Reapondek [SI) demonst ra te  t h i s  i n  a d e c i s i v e  way. The i r  work 
o n l y  dealt  with feedback c o n t r o l  of a c e r t a i n  class o f  systems ( t h e  foodback l i n e a r i a a b l e  
ones ,  w i th  t h e  func t ions  f (  , , ) occur r ing  i n  ( 2 . 1 )  s a t i s f y i n g  c e r t a i n  condi t ions)  if t h e  
t r a j e c t o r y  s t ayed  wi th in  a small neighborhood whose s i z e  could  n o t  be spec i f i ed  i n  
advance. This  posed t h e  q u e s t i o n  of f i n d i n g  c o n d i t i o n s  f o r  g l o b a l  feedback equivalence.  
There h a s  been impor tan t  partial  work on t h i s  problem by Boothby, Dayawansa, and E l l i o t  19-11] 
us ing  t h e  t o o l s  of d i f f e r e n t i a l  topology and f o l i a t i o n  theory.  I n  my paper [ 3 1  I have begun 
to develop  ways o f  apply ing  t h e  Ehresmann-Haefliger [12] theory  of pseudogroup cohomology t o  
t h i s  problem, b u t  t h e r e  is a long way to go b e f o r e  t h e  r e s u l t s  t h a t  are u s e f u l  i n  p r a c t i c a l  
s i t u a t i o n s  w i l l  come f o r t h .  
I t  is e s p e c i a l l y  i n t e r e s t i n g  t h a t  t h e  u s e f u l  s u f f i c i e n t  c o n d i t i o n s  f o r  s t a b i l i z a t i o n  o f  
Indeed, t he  work of Hunt, Meyer, and Su [1,2] (preceeded by work of  Krener [SI, Brocke t t  
R", 
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Tba Mthem8tica1 heart Of tha mathods I h v o  dew1op.d i n  131 is the thmory of vector 
f ie ld  8ytm (or distribution81 on a manifold urd their equivalanca. I will now skotch 8ow 
of ai. buiu d i f f a ran t i a l -g .o lwt r i c  thoory, then raturn to tha con t ro l  situation. 
3. 
f h l d 8  (Le., f i r s t - o r d a r  linear partial d i f f a r a n t i a l  oporators)  and the Jacobi-Lie brackat 
[ 1 ti., coaautator) o f  8uch vmctor f i e lds .  Seo Isidori'r book [13] f o r  an onginear 's  
introduction thaw concapts. 
Le t  I k a manifold, with v(2 )  t he  space of wctor f i a l d s .  In  t a m  of coordinatas  
(si) f o r  E, 1 5 i , j  5 U - dim 2, a VEg(2) is a d i f f a r a n t i a l  operator  of th. following 
form: 
VECTOR FIELD SYSTEMS AND FEEDBACK EQUIVALENCE 
I wi l l  now US. the formalism .calculus on manifolds,. p a r t i c u l a r l y  the theory of voctor 
If 
t hen  
i a  V = A (2 )  7 
(sunmration convention i n  force) 
az 
i a  v ' - B , z i  
L e t  E ( 2 )  be the r i n g  of Cm, real-valued funct ions on 2. v ( 2 )  
P _ ( Z ) ,  s i n c e  vec to r  f i e l d s  can be mul t ip l i ed  by funct ions:  
i a  
7 (f,V) .* fA 
(3.1) 
(3.2) 
(3.3) 
is a modulr over 
(3.4) 
Defini t ion.  A m o t o r  f i e l d  aye tom y on 2 is a subspace of v ( Z )  s a t i s f y i n g  t h e  follow- 
h g  condi t ion:  
fV E W f o r  V E y 
V 1 + V 2  E f o r  v1,v2 € 
i.e., is a eubmodulo of v ( 2 ) .  
Let  y be such a vec to r  f i e l d  system. For z E 2 ,  set  
W ( Z )  = (V(2):  V E y )  (3 .5 )  
W ( z )  Its d i w n s i o n  is  called 
the rank of a t  z. '1 is vaid to be nonaingular i f  t h e  rank is constant  a s  z ranges 
over  2. 
rank, unless  spec i f i ed  otherwise.  The concept de f ined  nex t  w i l l  play Q basic r o l e  i n  t h i s  
work. 
is a l i n e a r  subspace of &e space of tangent vec to r s  at z. 
I n  t h i s  paper w e  w i l l  assume t h a t  a l l  vec to r  f i e l d  systems considered have constant  
Defini t ion.  L e t  W c be a vector  f i e l d  system. Set 
ccy : {V € y: [V,!] c kJ1 
C(W) i s  c a l l e d  the  Cauchy C h a r a u t o r i a t i c  a y s t o m  assoc ia t ed  with W. 
(3.6) 
Theorem 3.1. C(W) is another  vec to r  f i e l d  system on 1. with the  following p rope r t i e s :  
3.7) c ( g  c w 
[ c ( g  , C ( y  1 c ccg 
[C(W) ,!I = y 
i.e., C(!) is Froboniua i n t e g r a b l e  as a vector f i e l d  system 
- Proof. Follows from (3.6). 
30 1 
3 . 8 )  
(3.9) 
li 
m i i n i t i o n .  A curve t z(t) in Z i 8  called an o r b i t  O Y ~ V .  of the vector S i ~ l d  8 y 8 t a  8 
If =h. io f lowing  c o n d i t i o n  18 8a t i8 f i . 68  
Therm i r  a vwtor f i e ld  V 
v - A i 3  
i n  E ruch  that t * x ( t )  im an orbit  cur- of V, i . e . ,  if 
or, i n  c o o r d i n a t e  tetmrr 
I n  this way, a v e c t o r  S i e l d  symtem d e f i n e 8  a fami ly  of curve8 on X .  It im t h i r  geomet r i c  
p r o p e r t y  that i 8  the key to  th. U8.fUln.88 Of vector f i e l d  8y8tWQ8 i n  C O n t t o l  t h w r y .  A 8  W e  
haw 8een, control ryr tems are also de f ined  by f a m i l i e 8  of curve8, namely s o l u t i o n 8  of the 
c o n t r o l  equa t ions r  
I - (x ,u)  
We can  then  d e f i n e  a v e c t o r  f i e l d  system ; on 2 aa the a ~ l l e r t  submodule of v(2) whose 
orbi t  cu rves  are ao1l;tions of the  c o n t r o l  equa t ion  (3.12). 
X and Y * ,  r e s p e c t i v e l y .  L e t  
Le t  X and X *  be manifo ldr .  L e t  and !* be nons ingular  v e c t o r  f i e ld  syrtenu o n  
a: X - X *  
be a diffeomorphism. 
D e f i n i t i o n .  a i s  c a l l e d  an o q u i v a l o n o a  from t h e  v e c t o r  f i e l d  rymtem W t o  the vector f i e l d  
s y s t e m w '  
a,(w(x)) - y * ( a ( x ) )  (3.13) 
for a l l  x E X 
i f  t h e  fo l lowing  c o n d i t i o n  is s a t i s f i e d :  
i . e . ,  i f  a maps an o rb i t  curve  O f  W i n t o  an  orbi t  curve of W e .  Our problem is t o  de8Cribe 
nunbar8 a t t a c h e d  to v e c t o r  f i e l d  systgms that are i n v a r i a n t  unde? equiva lence .  
(w i thou t  proof.) some of t h e  theorems from [ 3 1  t h a t  do provide ruch i n v a r i a n t a .  
We r h a i l  cite 
Theorem 3.2. 
v e c t o r  f ie ld  
c h a r a c  ter i s  ti 
L e t  a: X + X '  be a diffeomorphiam from X to X *  that in an equivalence of 
aystem '1 to v e c t o r  f i e l d  system W e .  L e t  CCW) and C ( W * )  be t h e  Cauchy 
.c systems of W and W e ,  r e spec t ive ly .  Then, tha  f o l l o w h g  cond i t ion  is 
8at isf ied:  
a,(C(y)) C ( y * )  (3.14) 
i . e . ,  a is an  equiva lence  between t h e  Cauchy c h a r a c t e r i s t i c  rystems of the g iven  vec tor  field 
s y s t e m .  
D e f i n i t i o n .  For the v e c t o r  f i e l d  ryatem E, set :  
w' - f + r;*y1 
I t  is c a l l e d  a d e p i v a d  s y s t e m  of 5. 
(3.15) 
Tnaorem 3.3. L e t  a be a isomorphism from 5 t o  E*. Then, i t  is an isomorphism of the 
derived system y1 to f e y .  
30 2 
W. can now i t o r a t e .  Sot 
(3.16) 2 @l)l '- 8 * ... 
f i n o  tho ruoor#r tvr  drr t vad  ryrtrmr o f  the given voctor f l e l d  s y s m u ~  W, denoted as $,$ ,... we obtain an i nc reas ing  f i l t r a t i o n  of subarodUle8 of the m u l o  G f  a11 vector  f i e l d s  
on X I  
(3.17) 1 2 '  g c 5  c y  c ... 
Theorem 3.4. We have: 
(3.18) 1 2 c ( g  c ccz ) c C(2  ) c ... 
In  ~ 3 r d . ~  this ray8 th.t th. CAUChy c h a r a c t o r i s t i c 8  O f  th. darivod s y s t e m  8180 fom 
ascanding, f i l t o r e d  sequenco of 8UbmodUh8 of the  modulo of a11 vector f i e l d 8  on X. 
We asmuma t h a t  all t h o  modules (3.17) and (3.18) are of constant  rank. S o t  
r - rank! 
c - rank CCW) 
r1 - rank! 1 
2 c1 - rank CCW 
and so on. 
Theorem 3.5. The sequence of  i n t e g e r s  
r 1 rl 5 r7 5 0 . .  
c : C l f C  2 -  (... 
attached. t o  t h e  vector  f i e l d  system a r e  numerical aquiva tsnoa  invar iant# .  
L e t  us now apply t h e m  r e s u l t s  to c o n t r o l  system. i n  state space form. 
4 .  FEECBACK INVARIANTS FOR CONTROL SYSTEMS I N  STATE SPACE FORM 
(3.19) 
(3 .20)  
L A t  US now s p e c i a l i z e  the feedback c o n t r o l  system t o  consider  thone of t h e  foliowing . t a t s  
spaos form: 
y Rn, u E Rm . 
Theorem 4 . 1 .  L e t  
2 - Rn x Rm 
= ( ( x , u )  : x f Rn8 u E Rm) 
( 4 . 1 )  
L e t  W k t h e  vector  f i e l d  system 2 generated by t h e  components of t h e  following vector- 
valuea vec to r  f i e l d s  on 2 :  
(4.2) 
Then, t h o  o r b i t  curves  on W are p rec i se ly  t h e  c u r v e s  t - ( x ( t )  , u ( t ) )  t h a t  s a t i s f y  t h e  
c o n t r o l  equation (4.1). . 
Thaorom 4.2. L e t  dx/dt = f ( x , u ) ,  and dz/dt  = h(z ,v )  be two feedback c o n t r o l  systama wi th  
t n e  same number of  states and con t ro l s .  L e t  
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k t h e  v e c t o r  f i e l d  s y s t e m s  ammigned to t h e s e  c o n t r o l  sys tems.  Let 
be a C- map of t h e  f o l l o w i n g  form: 
T(X,U) + ( Y i V )  
w i t h  
Y = a ( x )  
v - B ( X , U )  
( 4 . 4 )  
(4 .5)  
Then T maps t h e  c o n t r o l  s y s t e m  I d x / d t  = f ( x , u )  i n t o  t h e  c o n t r o l  s y s t e m  
(dy/d t  - n ( y , v )  1, 
d i f f e r e n t i a l  e q u a t i o n s  i n t o  m o l u t i o n  c u r v e s  of t h e  second,  i f  a n d  o n l y  i f  T is a n  equlva-  
l e n c e  from t h e  v e c t o r  f i e l d  sys tem W t o  t he  v e c t o r  f i e l d  sys tem E'. I n  p a r t i c u l a r ,  t h e  
i n t e g e r s  r , r  ,.. . ;c,cl,. .  . a s s i g n e d  by (3.3) to E are i n v a r i a n t  under f e e d b a c k  e q u i v a l e n c e .  
I n  t h e  case o! a linear c o n t r o l  sys tem,  t h e s e  i n t e g e r s  can be computed i n  terms o f  t h e  
oontrol l o b i  l i  tg, i n d i o o e .  
c o n t r o l  nystem, 1.9.. o n e  o f  t h e  f o l l o w i n g  form: 
i n  t h e  r e n s e  t ha t  it maps r o l u t i o n  c u r v e s  of t i l e  f i r a t  mystem of o r d i n a r y  
L e t  u s  now c o n s i d e r  t h e  v e c t o r  f i e l d  symtems a s e o c i a t e d  w i i h  a l i n e a r ,  scalar i n p u t ,  
x E Rn, u E R, b E Rn 
Associate w i t h  t h a t  s y s t e m  t h e  f o l l o w i n g  p a i r s  of v e c t o r  f i d d l r  o n  Rn: 
a 
ax V - A X -  
Vo = b' ax 
( 4 . 7 )  
L e t  W be t h e  v e c t o r  € i e l d  sys tems on  Rn spanned by t h e s e  two v e c t o r  f i e l d s  and a/au. 
Set: 
= [v,vi-ll ( 4 . 8 )  
for i 2 0 
Theorem 4 . 3 .  The f o l l o w i n g  commutation r e l a t i o n s  hold  among t h e s e  v e c t o r  f i e l d s  on  Rn:  
[V 'Vi1  = V i + 1  , for  i = 0,1,2,... ( 4 . 9 )  
[ V i , V , I  = 0 , f o r  i , j  - 0,l .... 
The d e r i v e d  sys tem is t h e  v e c t o r  Eie ld  sys tem g s n e r a t e d  by 
( 4 . 1 0 )  I IE  a u  VtV: i = i,..., j I 
1' 
Theorem 4 . 4 .  If  t he  sys tem ( 4 . 6 )  i s  c o n t r o l l a b l e ,  t h e n  
A s  I show i n  [ 3 ] ,  Theorem 4 . 4  is the g e o m e t r i c  h e a r t  of the s u f f i c i e n t  c o n d i t i o n s  t h a t  
Hunt, Meyer, and Su [1,2] provided  i n  t h e i r  work on feedback  l i n e a r i z a t i o n ,  namely: 
304 
Theorem 4.5 .  L e t  v,,vl be vector f i e l d s  on Rn g e n e r a t i n g  a s i n g l e  i n p u t ,  c o n t r o l l a b l e  
control sys tem o f  t h e  r o l l o w i n g  form 
Suppose the f o l l o w i n g  c o n d i t i o n  is s a t i s f i e d :  
The v e c t o r  f i e l d  sys tems 
{V0, v1 = IV,V0l  I . .  . I v .  = [v ,vj- l l  1 I 
are F r o b e n i u s  i n t e g r a b l e  f o r  a l l  j . 
(4.12) 
(4.13) 
Then, t h e  sys tem (4.12)  i s  l o c a l l y  feedback e q u i v a l e n t  t o  a chosen  system. 
I n  t h e  Hunt-Meyer-Su work, the t r a n s f o r m a t i o n  T,  which e s t a b l i s h e s  t h e  feedback 
e i p i v a l e n c e  o f  (4 .12)  w i t h  a l i n e a r  s y s t e m , i s  o b t a i n e d  a s  a s o l u t i o n  o f  a s y s t e m  of f i r s t  
o r d e r ,  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s ,  and w e  c a n  o n l y  prove e x i s t e n c e  o f  s u c h  l i n e a r i z i n g  
t r a n s f o r m a t i o n s  l o c a l l y .  A basic q u e s t i o n  is: 
How to p i e c e  t o g e t h e r  s u c h  loca l  feedback  e q u i v a l e n c e s  
to  f i n d  a g l o b a l  one? 
The answer  can b e  d e s c r i b e d  i n  terms o f  cohomology t h e o r y  [12] .  I n d e e d ,  t h i s  is a t y p i c a l  
problem o f  g l o b a l  d i f f e r e n t i a l  geometry: 
F i n d  c o n d i t i o n s  f o r  t h e  e x i s t e n c e  ( a n d  c o m p u t a t i o n a l  
f e a s i b i l i t y ! )  o f  a g l o b a l  s o l u t i o n  o f  a sys tem o f  
p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  when t h e  c o n d i t i o n s  f o r  
e x i s t e n c e  o f  local s o l u t i o n s  are  s a t i s f i e d .  
What c o m p l i c a t e s  t h e  a n a l y s i s  o f  t h e  c o n d i t i o n s  f o r  e x i s t e n c e  o f  a g l o b a l  s o l u t i o n  is  
t h a t  t h e  cohomology t h e o r y  o n e  must  u s e  i n v o l v e s  a n  a l g e b r a i c  o b j e c t - - t h e  g r o u p o i d  o f  feedback 
automorphisms o f  t h e  l i n e a r  c o n t r o l  sys tems-- tha t  is i n f i n i t e  d i m e n s i o n a l ,  so t h a t  s t a n d a r d  
topological t e c h n i q u e s  are  n o t  v e r y  h e l p f u l .  I t  is  i n t e r e s t i n g  to n o t e  t h a t  e lementary  
particle p h y s i c i s t s  a t  t h e  f r o n t i e r s - - i n  t h e  s o - c a l l e d  s t r i n g  theory- -are  i n v o l v e d  w i t h  
m a t h e m a t i c a l  m o n s t r o c i t i e s  t h a t  are v e r y  s imi la r  t o  t h e s e !  Work on  t h i s  q u e s t i o n  is i n  
p r o g r e s s .  
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